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ABSTRACT

It is shown that the almost sure convergence property for certain sequences of
operators {S,} implies a uniform bound on the metrical entropy of the sets
{S.fln=1,2,...}, where fis taken in the L2-unit ball. This criterion
permits one to unify certain counterexamples due to W. Rudin [Ru] and J. M.
Marstrand [Mar] and has further applications. The theory of Gaussian
processes is crucial in our approach.

1. Introduction

Let f be a 1-periodic measurable function on R (which can thus be seen as a
function on the circle T=R/Z). For n =1, 2, ... define as follows the Rie-
mann sum operators:

M RS0 =~ 3 f(x+2).
n osj<n n

For f€L(T), it is clear that R, f converges to § f(x)dx in the mean. On tlre
other hand, it was shown by W. Rudin [Ru] that there is not necessarily almost
sure convergence, even for bounded functions, solving a problem of Marcin-
kiewicz and Zygmund [M-Z). This result complements the theorem of Jessen
[J] according to which (R, f) is almost surely convergent for f€ LY(T),
provided (n,) is a sequence of integers satisfying n, l Mg g1

The next result I am recalling is Marstrand’s [Mar] (negative) solution of
Khintchine’s conjecture [Kh]. Marstrand produced measurable subsets 4 of T
for which the averages
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1
(2) = X fUx), f=x

N 1=j=n

do not converge almost surely.

The purpose of this paper is to state a necessary condition for almost sure
dition has a variety of applications, to problems of harmonic analysis and
ergodic theory, including the Riemann sum problem and the Khintchine
problem. Roughly speaking, the condition is a uniform bound on the metrical
entropy of the sets {S, f | n=1,2,...}) as subsets of L2, when franges in the
L?-unit ball. The more precise statement will appear in the next section. It
turns out that this condition is violated as well for the operators S, = R, as for
the averaging operators given by (2). This leads to a certain unification of both
counterexamples. As further application of our method, a problem due to A.
Bellow [Be] and a question raised by P. Erdés [Er] are settled.

In [Be], the following question is considered. Is it true that for any sequence
(a,) of real numbers converging to 0, there are L!-functions such that the
averages

1
(3) - X fix+a)

N jsn

are not almost surely converging (to f)? The answer is affirmative and one may
even produce fto be bounded (or the indicator function of a set).

The problem of Erdés mentioned above deals with weaker versions of the
Khintchine problem. In particular he raised the question whether given a
measurable subset 4 of T, then for almost all x the set {jEZ, | jx €A} hasa
logarithmic density, i.e.

—— 3 -4l
logn j=n j
JX€EA
We will disprove this fact.

The hypothesis on the operators S,, when stating the entropy condition, is
the commutation with another sequence of operators (positive isometries)
satisfying the mean ergodic thoerem. This condition is more general than
assuming the S, commute with group translations (cf. [St]). In the context of
operators S, commuting with group translations, our results are of course
closely related (and complement in some sense) E. Stein’s paper [St] men-
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tioned above. The reason for adopting a more general point of view is to cover,
for instance, the operators given by (3). The description of these operators in
terms of group actions does not seem natural.

2. The entropy criterion

The more general context we adopt here originates from the applications we
intend to discuss. However, hypotheses and statements made do not necessar-
ily have the most general formulation.

Our method is probabilistic and uses the theory of Gaussian processes. To
the Gaussian process X, () indexed by ¢ € T, associate the distance on T

dit, )= | X, = X |1

Obviously T, d as a metric space embeds in Hilbert space. We will be
interested in the quantity

(@) | sup 1x(@)140

teT

which, by Slépian’s lemma, is determined by the geometry (in the metrical
sense) of T, d. According to [Du], call a subset 4 of a Hilbert space H a GB-set
provided (4) is bounded whenever T', d embeds in A4 (in the Lipschitz sense).
By Sudakov’s inequality, such a set satisfies in particular the entropy estimate

(5) sup dflog N(4, §)]'"* < w0

6>0

where N(4, &) refers to the d-entropy numbers of 4, i.e. the numbers of -balls
needed for covering.

Let (X, u) be a probability space and (S, ) a sequence of norm = 1 operators
on L¥u). Assume the existence of a sequence (T});.,, of positive (into)
isometries, satisfying 7;(1) = 1 and the following conditions:

(6) The T; satisfy a mean ergodic theorem, i.e.

1
~ Y T;f— | finthe mean, forfEL'.

J jzi
(7)  The sequences (7;) and (S,) are commuting, i.e. T;S, = S,T;.

PROPOSITION 1. Assume p <o and (S, f) converges a.s. (almost surely)
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Jor all f€L?(u). Then, for each fEL?, the set {S,,fln =12,...}) is a
GB-subset of L*. In particular, there is a uniform entropy estimate

s(log NB)2<C, 6>0, [fl.=1
where N/(9) refers to the d-entropy number of the set {S, f | n=1,2,..}.

PROPOSITION 2. Assume that (S, f) is a.s. convergent for bounded measur-
able functions f. Then, with the notation of Proposition 1, there are uniform
entropy estimates

NA(OY=C(©), lIfl.=1

for § >0.

The applications presented in the next section use Proposition 2, since it is
shown that N{d) is unbounded for some constant § > 0.
Observe that the operators T; considered above satisfy

T(f)=T(f? fEL*

(this follows from the fact that disjoint indicator-functions are mapped on
disjoint indicator-functions).

The hypothesis of both Proposition 1 and Proposition 2 has an implication
on the behavior of the maximal operator sup, |S,f|.

Under the hypothesis of Proposition 1, there is a function C(g), ¢ >0,
such that

(8) u[sup IS, f] = C(a)]> 1—¢ whenever fEL*, || f]l, =1

(we assume here p = 2).
Under the hypothesis of Proposition 2, there is a function d(¢)— 0 for¢ =0
such that

) fsuplS,,fldu<6(s), whenever | f| <1, f|f|du<s.

The verification of these two statements are left to the reader.

Proor oF ProrposiTioN 1. Fix an integer N and denote N the set

.....

variables, define for fEL*, || f|l. =1
(10) F,x)y=J"'"" ¥ g(w)T,f.
j=sJ
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Here J will be taken large enough depending on fand an N. By the commu-
tation property (7),

(11) S.F,=J""7 % g(w)T;S,f.

isJ

By (8), we have for each w

(12) u[sup |S,Fu| =C@) || Fo ||.,]> -

n=N

One clearly has

1 172
43 [ 1E N0 = 1F) lwow SV |5 2 1107)
j= 14
where
1 1
(14) sz - >3 om| =217
Jj=s pi2 Jjzs p/2

by hypothesis (6), letting J be large enough (the boundedness of fis used here).
Hence, by (13), (14)

(15) f I Fo ll doo <2.

Denote for convenience Ff = sup, < |S,F,, | . Since for each x there is uniform
equivalence

| F3C) | Ly ~ N FFC) I 20y s
clearly, for some constant ¢ >0
(16) (4 ®P) [(x, w)| FX(x)>c f F,,’,"(x)dw]>c.
In the sequel, (different) constants will be denoted by letters ¢ >0, C < co.
From (15), (16) follows the existence of some @ satisfying

" F(D "péC,
(17
u[ ;(x)>cf F,,’,"(x)dw]>c.

By (12)

(18) UFX=CC@E)]>1—c¢.
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Choosing ¢ > 0 appropriately in (18), (17) and (18) yield a subset X’ C X,
u(X’)> ¢ and for x€X’

f F2(x)dw <C.
Hence, by (11)
(19) f sup |72 3 g(@)(T;S,/)0x)|dw < C.
nsN isJ

for x € X, consider the distance on N

dy(n, n’)=[§ S TS, /)00) — 7;-(sn,f)<x)|2]"2

jsJ
1 12
=[_ 2 T;ISnf_ Sn'flz(x)] .
Jjss
Again by (6), a sufficiently large value of J will permit one to ensure that
(20) dx(ns n’) ~ " Snf— Sn’f" 2 n, n’EN

for x in a set of almost full measure and hence for some x € X’, for which (19)
holds. Since the constant C in (19) does not depend on N, (19) and (20) imply
that {S, f} is a GB-set.

The second claim in Proposition 1 is Sudakov’s minoration.

PROOF OF PROPOSITION 2. Assume d >0 such that Ny(J) is unbounded
over the L2-unit ball. Fix K and let fEL>, || f]|,=1 be such that for some
ICZ,, |I| =K

21 NSof—=Syfll2>6 forn+#n'inl.
Let F,, be again defined by (10). Write

F,=9,+G,
where

%o = FoXuri<symti and G, = F, X5, >p/E)

and B is a constant to be specified later.
Since the S, are L-contractions.

(22) I $:Go ll2= 1l Go lf 2

For A >0, one has
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2
(23) f f exp[AF,,(x)ldwdx = f exp [%EJ T(f 2)]d,; =<exp(24?)

again by (6), for sufficiently large J. Define
p(@) = px EX | |Fy(x)| >1].
It follows from (23) that

et f w(w)dw =< e

hence for appropriate A
(24) f u(w)dw = e,

By choosing J sufficiently large, (24) will be valid for ¢ in an arbitrarily
chosen finite interval [0, T']. If f satisfies |f| < B pointwise, for some B,
{1 F,(x)|*dw = B? pointwise and hence clearly

1 2
25) f (w)dw = exp ( - é)

Estimate by (24), (25)

IU 'G‘”lzdx]d“ézf{ﬂzm t#,(w)dt}dw

2 7 ’2d+2f°°t ( ! t2)dt
< texp( ——|dt —— =
=< ) ssmz exp( 9) P T B

hence

1
8) J NGt <

for appropriate choice of # and T.
Consequently, by (22), (26)

f“ sup |Sn(Gw)|dX]dwéf<Zl: 1 5.(G.) ||g>”2dw

27
gK"zf 1G, || deo < 1.

Denote again F.¥ = sup,, | S,(F,)|. From (16) follows the existence of a set 4,
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P(4) > ¢ such that to each w €4 corresponds a set X, C X, u(X,)>c on
which

(28) FAx)>c f F3x)de’  (xEX,).
Hence, for w €4, by Sudakov’s inequality
f FA(x)dx 2 f | Fod
> co(log K)2u{x €X, | d.(n, n’)> /2 for n # n’ in I).
Thus, for J sufficiently large, by (20), (21)

(29) f F*(0)dx = cd(log K) for w EA.
Writing
sup |Sn(¢w)l éFa‘f — sup lSn(Gw)l

n€l 1

(27), (29) yield a subset A4’ of A4, P(4’)> ¢ on which

(30) [ sup 15,0010 > cdi0g K2 (@€ 4),
I

Also

(1) fll% Illdw§f | Fo || do = 1.

From (30), (31), a point & is obtained fulfilling the properties

“ (pé) “1<Ca

sup | S,(9,) | > cd(log K)".
1 1

Define y =(log K) g, satisfying |w|=<p and {sup|S,w|du>cd.
Moreover

fly/ldu <c(logK)~"*—=0 as K— oo.

This contradicts (9) and completes the proof.
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3. Applications

A first application is the case of “invariant operators” in the setting of [St].
Let G be a compact metrizable group with invariant measure v. Let Q be an
homogeneous space of G and p its G-invariant measure. Denote 7, the
translation operator

. fIx)=flg"'(x)) forg€QG.

For random sequences {g;} in G, the sequence 7} = 7, will almost surely satisfy
condition (6). Hence

PrROPOSITION 3. Let (S,) be a sequence of uniformly bounded operators on
LXQ) commuting with the translations t,,g €G. Then the statements in
Propositions 1 and 2 are valid.

In the context of the Marcinkiewicz-Zygmund problem for the Riemann
sums R, defined by (1), G is the circle group T and X = G, with trivial action.

PropPoSITION 4 ([Ru]). There are bounded measurable functions fon T for
which R, f does not converge a.s.

Proor. By Proposition 2, it suffices to show that for some § >0 the
entropy-numbers N,(d) are not uniformly bounded for || f|}, = 1. Notice that
as a Fourier multiplier R, acts the following way:

R, flk) = fik) if k is a multiple of n,

=0 otherwise.
Choose a sequence p;, p, - . . , p, of distinct prime numbers. Denote E the set
of 2" simple products of p,, . .., p, and consider the function

f____ 2.—7/2 E eZuinx

n€E

Then
Rp, f =2 -ri2 2 e2m’nx

n€E N p,2)
and thus, for 1 s #t=r,

IR, f— R, fll2=2""(E N p,Z)AE N p,Z)| =2~ (2"~ H = I/ﬁ.
Consequently, for § = I/ﬁ, SUpy =1 NH{(J) = co.

The next corollary is of relevance for the Khintchine problem.
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ProrosiTION 5. Let (T;) be a sequence of positive commuting isometries,
T;(1) = 1, satisying condition (6). Then Proposition 1 and Proposition 2 apply to
any sequence of operators S, obtained as convex combinations of the T;.

Define T;f(x)= f(jx). Applying Proposition 2, the existence of bounded
measurable functions f for which

1
Snf =- 2 T;f
n jzn
does not converge almost surely, is a consequence of

LEMMA 6. There is 6 >0 such that N{9) is not uniformly bounded for
FELXD), | fll.= 1.

PROOF. The construction described below is part of Marstrand’s approach
[Mar]. Denote p,, p,,... the sequence of consecutive prime numbers. If
n=phps, ..., we let n correspond to (a;, ay...) and will replace the
multiplicative problem by an additive problem.

Fix an integer s and denote for each T

Ar={(a,...,a)EZ, | T <ajlog p,+ -+ +a,log p,<T + 1}

where Z . denotes the positive integers including 0 and the logarithm is taken
in basis 2. Thus A4; corresponds to the set of integers 27 < n <2.27 which
prime divisors are contained in the set p,, ..., p,.

Since p, = 2, replacement of a, by «, + 1 shows that

(32) |Ar41| 2 |4r]
while obviously
(33) |Ar| =T

which (for s fixed) is a polynomial growth. Thus (32) and (33) yield some T
such that the sets A7, Ay, ..., Ar.4 are of comparable size, i.e.

(34) B<|A4ry;|<2B (0=iz=d).

Here d is any preliminary chosen integer and T depends on d. We let 27 <.
Defining

Vi = {n = p?" M 'p:' I(al’ sy as)EAT-H}a
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f(:') = B—le 2 eZn’inx,
nevy;
clearly 1 = || f?]|,=2 and fOLf® for 0 =i # i’ = d since the sets V; are
disjoint.
Assume n€V, and 27! =j =2’ <s. By construction nj only contains
prime factors in p,, . . ., p, and satisfies

T+i—1<T+logj=<lognj<T+1+logj=T+i+1.

Hence
WVeCV,UV,_,

and thus, for f= f©,

(35) (L + Oy zZzB7jYl 21
by (34). Since (35) holds whenever 2° ! <j < 2/, also
(36) (S f, [0+ [y z 4

Defining g, = 22 f® -V + f@)] for 1 =i <1 =[d/2], (¢:);<; is an orthonor-
mal sequence and (Sy f, ¢;) > 4. It is now an elementary verification to see
that the {entropy-number of {Sy f|i <1} as a subset of LX(T) is at least cd.
Hence, we have proved that N(7) is not uniformly bounded for || f||, = 1.

REMARK. Koksma [Ko] has given a sufficient condition on the Fourier
coefficients of fin order to ensure a.s. convergence of (1/n) Z; <, f(jx). A more
detailed analysis of previous construction shows that his double logarithmic
condition is essentially best possible.

P. Erdos considered weaker versions of the Khintchine problem (Louisiana
State University, November 1987) and, in particular, the question whether
given a measurable subset 4 of T it is true that for almost all x the set
{JEZ, | jx €A} has a logarithmic density, i.e.

1 1
— ¥ -4l
logn j<n j
JXEA

This fact may be disproved using the same method as above. More generally

3eee

such that T A; = oo and define
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1
SofxX)=— % 4f(jx), 0@,=3 .

an jEn jSn

Then there is a bounded measurable function for which S, f does not converge
a.s. disproving the existence of a.s. convergent summation procedures.

As in the Khintchine problem, it will be shown that N/(d) is unbounded for
some fixed d > 0. A modification of the previous construction seems needed.

LEMMA 8. Let p,,..., p, be a sequence of prime numbers, T p7! > 1.
Denote forjEZ, by B(j)=a,+ - -+ + a,wherea,, ...,a,are the respective
exponents of p,, . . ., p, in the prime decomposition of j. Let N > (2 p,)* and I
be the interval [0, N} N Z. Then in the following deviation estimate

. ) 1 _ 1
(37) ’{JEII'B(J)—Ef‘>V}}§C7 2(2;)N-
Proor. Fori=1,...,sand r=1,2,... define as follows the functions
Xi-onl:

{xi,,m =1 ifp|J,
=0 otherwise.

Thus
BUY=3 T 1.0

=] =1}
Clearly
(38) =2 <N S g (=0

N JSN

. . 1 i Di:

(39) ‘N-‘ 3 () - ——| < PP
jSN Di D N
Estimate
) s 1|2\12 ) 112\12
(N-I s |py-3 L ) é(N_, S| Sm()—5+ )
jsSN i=1p; JSEN T D;

(40)

+3 £ (% 3 00)”

rz?2 i=1 JSN

where
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- ZN ZXi,l(j)_zpi_lr:Z(N_l h |Xi,1(j)—17i_l|2>
j=n i o
(41)
+2 2 {N ERRCE iy A CAV iy ')}

which, by (38) and (39), is bounded by

@) 231 +2Z{p,p, pi

-l p’ =1 1 -1 2

P, i®i N N N p’.
and, from (38),
(3) 2 £(vt 2 nm)si(sa)sc
rz2 i=| JEN i=1 \rz2

Collecting estimates (40), (41), (42) and (43), it follows that

1

)

H

@y (vis

JsSN

from the hypothesis in Lemma 8. Inequality (37) is now immediate.

LEMMA 9. Let p,,..., D, be as in Lemma 8 and let (A;) be a decreasing
sequence of positive numbers = 1 such that, for a given K > 1,

(45) oo>zlj>K2<2pi)2.
Then
(46) 22 {/1 | ’/3(1)— ’ >K( ;i)m}<c1<—2.

ProoF. Estimate by partial summation and Lemma 8

2allpo-2
@ se30 -4 {2 (27)i+(20)]
o (5o

RERIE IR

{k<JI|ﬂ(k)—>: \>yH

Then
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y=K<2i>m.

Clearly (47), (45) imply (46).

PrROOF OF ProrPosITION 7. We need obviously assume that o, — c0. Let
D1, D2, . . . be the consecutive prime numbers.

Fix an integer n. Construct by induction sequences of integers (), <</,
(J,)1 =5 <, satisfying (M to be specified later)

Is <Js <Is+l’

(48) 2

0'1,>M4< > Pi) s

igl
(49) P,.,>J, whereP,= Y p7l.
ll—l§i<1.v

For an integer n, denote

ﬂs(n) = E Q;

I:—15i<l.r

where «; is the exponent of p, in the prime decomposition of #.
Thus for ¢t < s, by Lemma 9 and (48)

1 .
5 7,2 |18 — P > MPIy < CM ™.
j J 25

jsd

Notice also that by (48), (49), P,>J,_, = g,_,> M* and hence

(50) ) A,gCM-zs( ) /1,.)<% 3 A

JEE, j<Jy JjsJs
provided M > r and defining
E,={j=<J,||B()— P, >M'P,for some t <s}.
Define for system q,, . . ., g, of integers
Viay...,a)={n|a, =Bn)<a,+1(1=<s=r)and f,(n) =0 for s >r)

which may be identified with the product 4,(a;)x - - -4,(a,) where

Ay(a) = {(ai)l,_,si<1, |a = 2a,~<a + l}.
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The same growth argument as in Lemma 6 then permits one to find integers 7,

such that
V(T  TH S V(T +a.., T, + )l
S <2AW(T,...,T)| if|q| 2P,

Define

f=1V|""2 F e~ whereV= U W +gq,...,T,+g)

ney 0S¢sSPs/10

Next for s = r, we analyze Z; ., A, f(jx). Assume jE,and n €V, t =s. Then,
since B,(jn) = B.(j) + B.(n).

(52) vy,
where

Vs=UV(Tl+Pl+q{a"-sT;+Ps+q;a
T.'s+1+qs/'+l, T;+2+q;+29°°°9Tr+q:)

and the union extends over
—M'P,=q={P,+M'P, (t=5),
0=q{:) =Py +1ogJ;,
0=q/=dP, fort>s+1.
Notice that from the given estimates (51) and, since log J; < P, ., by (49),

1 1
| SI§C1+CogJS
IVl M P,

<2.
Thus the function
g = |V| —-1/2 E erinx
nevy,
satisfies || g; ||, = 2. It is easily seen from the definition that the sets V| are
disjoint and hence g, L g, for s # s’. From (52), for j&E,, j = J,
. V1
(f(.]x)sgs =—=1
V]

and invoking (50), for
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S, fx)=a;' ¥ A4fUx) and ag,= Y A

IETA jsd
we have
. 1
(53) (Sl,f;gs');a:l 2 A’](f(.]x)ags)>_2_
IEIA
JEE,

As in Lemma 6, the orthogonality of the g, implies that the {;-entropy-number
of {S,,f|s = r} as subset of L? is at least proportional to r. Hence the entropy
condition

sup Nyfp) <o
i fl.=1

is violated, completing the proof.

We conclude this paper by applying the entropy test to the problem of A.
Bellow [Be] on the averages

Snf=i S £ f)=fix+a)

jsn
where fis a function on T and the context is that of Proposition 3.

ProrosITION 10. Let {a;} be any sequence converging to 0 (a; # 0 for each
). Then there exists a bounded measurable function fon'T such that (S, f) is not
a.s. converging (to f).

In order to show that for some 6 >0

(54) sup NyJ) = oo,
11221

the following simple lemma will be used.

LeEMMA 11. Let {a;} be a sequence of real numbers converging to 0. Then,
given a positive integer r, there are integers J, <J, < - - - <J, satisfying the
Jollowing condition:

Given a sequence & = (ay, . . . ,a,) where a,= 0 or a,= 1, there is an integer

= n(a) such that fors=1,...,r
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) 1 .
’I—J;I Yy e < — fa,=0
jsJ 10
(55) 1
’1-—.];1 Y el >—  ifa,=1.
jsd 2

(54) is then proved by considering the function

f — 2 —rl2 2 eZnin(a)x

«€{0,1}"

for which
SJ,f= 2 —ri2 2 Bs,& e2nin(&)x

aE(0,1}"
letting
(56) Ba= It L e

J=J;

Thus, by (55),
(57) |,Bs,&"'ﬂt,a| é%*]{;=§ ifas # a,.

Consequently, from (56), for 1 =s # ¢ =r, by (57)
72 1
15,0~ S =27 (2 1Ba=ul?) >

and we may thus take J =1} in (54).
ProoF oF LEMMA 11. For fixed &, integer n = n(a) will have the form,
(58) n=n+n+---+n wheren,=am

and where the sequences {m,} and {J;} will be constructed simultaneously.
Estimate

JoU Y expQQmiain)—J;7' Y exp(2mia;ny)

jsJs jgJs

(59)
=)

g

exp [2nia,< Y n,)} - 1‘ +J7t X

1<s JsJ,

exp [2nia,- (Es n,)]-— 1 ’

(60) —1-+ C( sup |a,-|)(2 m,),

50 J>J4,/100 t<s

Estimate the first term in (59) as
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splitting the summation in Z; ;0 and Z,,00<; <y, and using the inequality
et — 1] =2]4).
Estimate the second term in (59) as

1
61 Y sup |1 —exp(2mia;n,)| <%

t>s jEJ,

provided, since n, = a,m,,

(62) sup |1 —exp(2mia;m,)| <5L0 (1=t=r).
r

/S

Assume now J,, m, obtained for ¢t <s. Since a; — 0, J may be chosen such that
(60) is at most # provided J, >J. We take integers m;, J, fulfilling the
conditions J, >J,_, + J,

1
(63) |1 —exp(2uigim,)| <—  forj=J,_,,
50r
(64) 1=J7' Y exp(2mia;m,)| >%.
jsh

Since n, = a,m,, (55) clearly follows from (59), (64) and the estimate % + & on
the right member of (59). It remains to show the existence of integers m,, J;
satisfying (63), (64). Fix first a number T (depending on a;, j = J;_,) such that
the image of the interval Z N [ — T, T] is e-dense in the range of the map

J . 2
Z—’T Ll I Z'—)(e ma]z)jij_l.

Here ¢ = 1/50r. Thus to each z €Z corresponds t €Z, || = T such that

A . 1
65 é,Zman — ezma/ <—, i < Js— .
(65) I <50 7 !

Since a; — 0, J, may be taken large enough to ensure

1
66 Jo! a| <—.
(66) ,-szj,l" 100T

Next, since the g; # 0,

. 1 rr(1] ‘
lim — Jl— h) ez’""f"} dx =0,

R=o RJo U sy
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implying the existence of some positive number y such that

. 1
“ el 3 o)<t
eI 10

Take z =[y] (integer part) and ¢ satisfying (65). Let m, = z —¢. Then, by
(66), (67)

Re {J;’ Y ez""“f’":} =Re JlJ;‘ > ez"’ajy} +J70 Y |1 = emar-zen)

js) J=Js JjsJs
1
=E—+257" Y g (T+1)
10 =4,
1
<._
4

implying (64).
This completes the proof of Lemma 11 and hence Proposition 10.
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