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ABSTRACT 

It is shown that the almost sure convergence property for certain sequences of 
operators {S, } implies a uniform bound on the metrical entropy of the sets 
{S, f l  n = 1, 2 . . . .  }, where f is taken in the L2-unit ball. This criterion 
permits one to unify certain counterexamples due to W. Rudin [Ru] and J. M. 
Marstrand [Mar] and has further applications. The theory of Gaussian 
processes is crucial in our approach. 

1. Introduction 

L e t f  be a 1-periodic measurable function on R (which can thus be seen as a 
function on the circle T = R/Z). For n = l, 2 , . . .  define as follows the Rie- 
mann sum operators: 

(1) Rnf(x) =1 Y, f x +  . 
n o<j<n 

F o r  f E L  I(T), it is clear that R,fconverges to J] f(x)dx in the mean. On the 
other hand, it was shown by W. Rudin [Ru] that there is not necessarily almost 
sure convergence, even for bounded functions, solving a problem of Marcin- 
kiewicz and Zygmund [M-Z]. This result complements the theorem of  Jessen 
[J] according to which (Rnkf) is almost surely convergent for fELl (T) ,  

provided (nk) is a sequence of integers satisfying nk [nk+ 1. 
The next result I am recalling is Marstrand's [Mar] (negative) solution of 

Khintchine's conjecture [Kh]. Marstrand produced measurable subsets A o f t  
for which the averages 
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1 
(2) - Y~ f ( j x ) ,  f = XA 

n l<j<_n 

do not converge almost surely. 
The purpose of this paper is to state a necessary condition for almost sure 

convergence related to certain sequences of operators (S , ) ,_  ~,2,.... This con- 
dition has a variety of applications, to problems of harmonic analysis and 
ergodic theory, including the Riemann sum problem and the Khintchine 
problem. Roughly speaking, the condition is a uniform bound on the metrical 
entropy of the sets {s ,  f l n  = l, 2 . . . .  } as subsets of L 2, when franges in the 
L2-unit ball. The more precise statement will appear in the next section. It 
turns out that this condition is violated as well for the operators S.  = Rn as for 
the averaging operators given by (2). This leads to a certain unification of both 
counterexamples. As further application of our method, a problem due to A. 
Bellow [Be] and a question raised by P. Erd6s [Er] are settled. 

In [Be], the following question is considered. Is it true that for any sequence 
(an) of real numbers converging to 0, there are LLfunctions such that the 
averages 

1 
(3) - Y, f ( x  + aj) 

n j~n 

are not almost surely converging (to f )?  The answer is affirmative and one may 
even produce f t o  be bounded (or the indicator function of a set). 

The problem of Erd6s mentioned above deals with weaker versions of  the 
Khintchine problem. In particular he raised the question whether given a 
measurable subset A ofT,  then for almost all x the set { j  ~ Z +  I jx  CA } has a 
logarithmic density, i.e. 

1 l 
Y, - - -  I A I .  

log n i_<n J 
jxea 

We will disprove this fact. 
The hypothesis on the operators S. ,  when stating the entropy condition, is 

the commutation with another sequence of operators (positive isometrics) 
satisfying the mean ergodic thoerem. This condition is more general than 
assuming the Sn commute with group translations (cf. [St]). In the context of 
operators S.  commuting with group translations, our results are of course 
closely related (and complement in some sense) E. Stein's paper [St] men- 
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tioned above. The reason for adopting a more general point of view is to cover, 
for instance, the operators given by (3). The description of these operators in 
terms of group actions does not seem natural. 

2. The entropy criterion 

The more general context we adopt here originates from the applications we 
intend to discuss. However, hypotheses and statements made do not necessar- 
ily have the most general formulation. 

Our method is probabilistic and uses the theory of Gaussian processes. To 
the Gaussian process Xt(to) indexed by t E T, associate the distance on T 

d(t, t') = II x ,  - x , ,  II 5. 

Obviously T, d as a metric space embeds in Hilbert space. We will be 
interested in the quantity 

(4) f sup IXt(w)ldto 
.J  t E T  

which, by S18pian's lemma, is determined by the geometry (in the metrical 
sense) of T, d. According to [Du], call a subset A ofa Hilbert space H a GB-set 
provided (4) is bounded whenever T, d embeds in A (in the Lipschitz sense). 
By Sudakov's inequality, such a set satisfies in particular the entropy estimate 

(5) sup 6[log N(A, 6)] In < oo 
6>0 

where N(A, 6) refers to the tLentropy numbers of A, i.e. the numbers oftLballs 
needed for covering. 

Let (X, #) be a probability space and (S,) a sequence of norm < 1 operators 
on L2(g). Assume the existence of a sequence (Ti)j=1,2,... of positive (into) 
isometries, satisfying Tj(I) = 1 and the following conditions: 

(6) The Tj satisfy a mean ergodic theorem, i.e. 

' f J Y~ Tjf--" f i n  the mean, f o r f ~ L  1. 
j<_J 

(7) 

PROPOSITION 1. 

The sequences (Tj) and (S~) are commuting, i.e. TjS~ = S~Tj. 

Assume p < oo and (S , f )  converges a.s. (almost surely) 
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for all fELP(tt). Then, for each f ~ L  2, the set (Snf[ n = 1, 2 , . . . }  is a 
GB-subset of L 2. In particular, there is a uniform entropy estimate 

6(logN:(tJ))"2<C, 6>0, llfll2__ < l 

where N:(~) refers to the &entropy number of the set { Snf  l n = 1, 2,...}. 

PROrOSmON 2. Assume that (S, f )  is a.s. convergent for bounded measur- 
able functions f. Then, with the notation of Proposition 1, there are uniform 
entropy estimates 

Nf(~) < C(~), II f 112 --< i 

for 6 > O. 

The applications presented in the next section use Proposition 2, since it is 
shown that N:(g) is unbounded for some constant # > 0. 

Observe that the operators Tj considered above satisfy 

Tj( f  2) = Tj(f)  2, f ~ L  ~ 

(this follows from the fact that disjoint indicator-functions are mapped on 
disjoint indicator-functions). 

The hypothesis of both Proposition 1 and Proposition 2 has an implication 
on the behavior of the maximal operator sup, I S,,fl. 

Under the hypothesis of Proposition 1, there is a function C(e), e > O, 
such that 

(8) / t [ s u p l S n f l ~ C ( e ) ] > l - e  w h e n e v e r f E L  ~, ],fll,=_<l 

(we assume here p > 2). 
Under the hypothesis of Proposition 2, there is a function g(e)--- 0 for e --- 0 

such that 

: sup]Snfldlt <c~(e), whenever ]fl < 1, : I f]d,  <e. (9) 

The verification of these two statements are left to the reader. 

PROOF or  PROrOSITION 1. Fix an integer N and denote ~r the set 
{ 1, . . . .  N}. Letting {gj }j_ ~,..., j be a sequence of independent Gaussian random 

variables, define for f E  L ~, II f II --< 1 

(10) F,,,(x)=J -tn Y, gj(co)5 f. 
j<_.J 



VOI. 63, 1988 BOUNDED ENTROPY 83 

Here J will be taken large enough depending on f a n d  an N. By the commu- 
ration property (7), 

(11) s f  ~ = j -,,~ y, g A o ~ ) T j S . f .  
j < J  

By (8), we have for each to 

(12) 

One clearly has 

#[su  i s,, o i _-< ,,,]> ,. 
L n < N  

1 E )u2 v 
(13) f IIF~ II,do~--< IlFo,(x)llL,(a,o~)<=,,/-p j j ~ j l T j f l  1/2 

where 

(14) _l y, va 1 2 jj<jITjfl 2 = JJ<JE Tj(f  2) v/2--<Ellfll2 

by hypothesis (6), letting J be large enough (the boundedness of f is used here). 
Hence, by (13), (14) 

(15) f II& Ilflw_-<2. 

Denote for convenience F *  -- sup, aN I S, Fo, I. Since for each x there is uniform 
equivalence 

II F * ( x )  II L'(a~)'- II f*(x) II L'(d~); 

clearly, for some constant c > 0 

(16) (iz ~ P) [ (x, to ) l F*(x ) > c y F*(x )&o] > c. 

In the sequel, (different) constants will be denoted by letters c > 0, C < oo. 
From (15), (16) follows the existence of some ~ satisfying 

II F~ I1,, < c ,  
(17) 

u [F:(x) > c f F*(x)&o]> c. 
By(12) 

(18) u [ F *  _-< c c ( ~ ) l  > 1 - ~. 
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Choosing e > 0 appropriately in (18), (17) and (18) yield a subset X ' C  X, 
/z(X') > e and for xEX'  

f F*(x)dto < C. 

Hence, by (I I) 

(19) f sup j-~/2 E dto C. gj( to )( TjS~ f)(x ) < 

n<N j < J  

for x ~ X, consider the distance on 

Again by (6), a sufficiently large value of  J will permit  one to ensure that 

(20) dx(n,n')~ II & f -  S~,fll2, n,n '~N 

for x in a set of almost full measure and hence for some x ~ X', for which (19) 
holds. Since the constant C in (19) does not depend on N, (19) and (20) imply 
that {S,f} is a GB-set. 

The second claim in Proposition 1 is Sudakov's minoration. 

PROOF OF PROPOSITION 2. Assume ~ > 0 such that N/(t~) is unbounded  
over the L 2 unit ball. Fix K and let f E  L ~, [[ f II 2 -- 1 be such that for some 

I C Z + ,  IIIII = K  

(21) II S . f  - S., f l l 2 >  ~ 

Let F,o be again defined by (10). Write 

Fo,=qo,+Go, 
where 

~o, = Fo , : t t t r . t<#~ l  and 

and fl is a constant to be specified later. 
Since the S, are L 2- contractions. 

(22) 

For 2 > 0, one has 

fo rn  ~ n'inl.  

II &G~ I1~ ~ II G~ II 2. 
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(23) ffexptXFo,(x) ao., <= _<exp(222) 

again by (6), for sufficiently large J. Define 

ltt(m)= g [ x U X  l lFo,(x)l >t] .  

It follows from (23) that 

hence for appropriate 2 

(24) 

e ~ f lu,(w)do9 < e ~a' 

By choosing J sufficiently large, (24) will be valid for t in an arbitrarily 
chosen finite interval [0, T]. If f satisfies If[ < B pointwise, for some B, 
SIFo,(x) 12do) < B 2 pointwise and hence clearly 

(25) fu,(o~)ao~ < e x p (  21 t~) .  

hence 

f 1 (26) II Go, II I dw < -  
K 

Estimate by (24), (25) 

f [ f  Ico,l~'~]a°"~2f{f~,~tz,(°")dt} a°-' 
< 2  texp - d t + 2  texp - dt 

,/tos x 

(27) 

for appropriate choice of fl and T. 
Consequently, by (22), (26) 

f [ f  sup ,s.(~o,)lax] d,o_-< f (~ II S.(GO,) II do~ 

< K"2 f II Go, II deo < 1. 

Denote again F* = sup. ~t I S. (Fo,) I. From (16) follows the existence of a set A, 

f /zt(to)dto < e -rag. 
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P ( A ) > c  such that to each coCA corresponds a set X~, c X , / z ( X o , ) > c  on 
which 

(28) F*(x)>c y V*~x)dog' (xeXo~). 

Hence, for o9 CA, by Sudakov's inequality 

: F*(x)dx > L F*(x)dx 

> cc~(log K)l/21t[x CXo~ I dx(n, n') > ~/2 for n ~ n'  in I]. 

Thus, for J sufficiently large, by (20), (21) 

: F*(x)dx > c0(log K)v2 for co CA. (29) 

Writing 
= F d  - sup IS,(Go~)l sup I S . ( ~ ) l  > * 

n~.l 1 

(27), (29) yield a subset A' of A, P(A') > c on which 

(30) f sup I S,(¢o~) I d/z > c0(log K) u2 
, v  I 

Also 

(31) f II ~ II ,dco =< : II F~ II ,do9 =< 1. 

(o9 EA'). 

From (30), (31), a point 69 is obtained fulfilling the properties 

SUp [Sn((0o~) > c0(logK) liE. 
I I 

Define ~u = (log K)-l/2(o~ o satisfying [ ~u[ < fl 
Moreover 

f l < - ' / 2 ~ 0  I du c(log K) ~u 

This contradicts (9) and completes the proof. 

and S sup IS. q/I d/z > c0. 

a s K ~ o o .  
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3. Applications 

A first application is the case of "invariant operators" in the setting of [St]. 

Let G be a compact metrizable group with invariant measure v. Let f~ be an 

homogeneous space of G and # its G-invariant measure. Denote rg the 

translation operator 

r J ( x )  =f(g-t(x))  for g E  G. 

For random sequences {gj } in G, the sequence Tj = zg~ will almost surely satisfy 

condition (6). Hence 

PROPOSITION 3. Let (S.) be a sequence of uniformly bounded operators on 
L2(~) commuting with the translations zg, gEG.  Then the statements in 
Propositions 1 and 2 are valid. 

In the context of  the Marcinkiewicz-Zygmund problem for the Riemann 

sums R. defined by (1), G is the circle group T and X = G, with trivial action. 

PROPOSITION 4 ([Ru]). There are bounded measurable functions f on T for 
which R j d o e s  not con verge a.s. 

PROOF. By Proposition 2, it suffices to show that for some 3 > 0 the 

entropy-numbers Nf(d) are not uniformly bounded for [[ f [[ 2 --< 1. Notice that 
as a Fourier multiplier R, acts the following way: 

R,f (k)  = f(k) i fk  is a multiple of n, 

= 0 otherwise. 

Choose a sequence pt, P2 . . . . .  p, of  distinct prime numbers. Denote E the se| 

of  2' simple products ofp~ . . . . .  p, and consider the function 

f = 2  . - m y .  e 2xi.x 
n E E  

Rp, f = 2-,,2 ~, e2.~,~, 
n E(E n Ps Z) 

and thus, for l < s ~ t < r, 

II Rp, f -  R ,fll2 = 2 - m l ( E  o psZ)A(E O ptZ)I = 2 - m ( 2 ' - ' )  ''2 = 1/~/~. 

Consequently, for d = 1/,¢/2, sup |/|,_<l N/(~) = oo. 

The next corollary is of  relevance for the Khintchine problem. 

Then 
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PROPOSITION 5. Let (Tj) be a sequence of  positive commuting isometries, 
Tj(1) = 1, satisying condition (6). Then Proposition I and Proposition 2 apply to 
any sequence of  operators S, obtained as con vex combinations of  the T i. 

Define Tjf (x)= f(jx).  Applying Proposition 2, the existence of bounded 
measurable functions f f o r  which 

S,, f  = 1  2 T j f  
n j < n  

does not converge almost surely, is a consequence of  

LEMMA 6. There is ~ > 0 such that Nf(O) is not uniformly bounded for 
f~Z2(T) ,  l[ fl12 ---< 1. 

PROOF. The construction described below is part of  Marstrand's approach 

[Mar]. Denote  p~, P2 . . . .  the sequence of  consecutive prime numbers. If  
n = p ~ , p ~  . . . . .  we let n correspond to (a~, a 2 , . . . )  and will replace the 
multiplicative problem by an additive problem. 

Fix an integer s and denote for each T 

Ar = {(a~ . . . . . .  as)EZ~+ I T <o t~ logp~+  . . .  + a s l o g p s <  T +  1} 

where Z+ denotes the positive integers including 0 and the logarithm is .taken 
in basis 2. Thus Ar corresponds to the set of  integers 2 r < n < 2.2 r which 
prime divisors are contained in the set p ~ , . . . ,  p,.  

Since Pl = 2, replacement ofa~ by a~ + 1 shows that 

(32) IAr+ll => IArl 

while obviously 

(33) IArl < T ~ 

which (for s fixed) is a polynomial growth. Thus (32) and (33) yield some T 

such that the sets Ar, At+ t . . . .  , Ar+d are of  comparable size, i.e. 

(34) B < IAr+il < 2B (0 < i < d). 

Here d is any preliminary chosen integer and T depends on d. We let 2 a < s. 
Defining 

v,  = { n  = pr  . . . .  p?.  1(,, ,  . . . . .  
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f f ) =  B -in y. e 2ninx, 
nEVt 

clearly 1 < II f ')II 2 -<- 2 and riOlfir) for 0 ~ i # i '  =< d since the sets V,. are 
disjoint. 

Assume n E 110 and 2 ~-~ ~ j  < 2 i < s .  By construction nj only contains 
prime factors in p l , . . . ,  Ps and satisfies 

Hence 

T + i - 1 < T + logj < log nj < T + 1 + l o g j  < T + i + 1. 

and thus, for f = rio), 

(35) 

jVoC E U V/-t 

(Tjf ,  f ( ' - t )+  f o)) ~ B-ll jVol ~ 1 

by (34). Since (35) holds whenever 2 i-  i < j  < 2 i, also 

(36) (S2,f, f l i -~  + rio) >__ ½. 

Defining ¢i = 2 - 1/2[f(2~- i) + f(20] for 1 _-< i < [ = [d/2], (~)i_<,- is an orthonor- 
real sequence and (S4,f, ¢~)>  ¼. It is now an elementary verification to see 
that the ~rentropy-number of {Scf [  i < [} as a subset of  L2(T) is at least cd. 

Hence, we have proved that NI(~) is not uniformly bounded for II f U 2 =< I. 

REMARK. Koksma [Ko] has given a sufficient condition on the Fourier 
coefficients of f i n  order to ensure a.s. convergence o f ( l / n )  Zj=<n f ( jx) .  A more 
detailed analysis of previous construction shows that his double logarithmic 
condition is essentially best possible. 

P. Erd6s considered weaker versions of  the Khintchine problem (Louisiana 
State University, November 1987) and, in particular, the question whether 
given a measurable subset A of T it is true that for almost all x the set 
{j  ~ Z +  [ix CA } has a logarithmic density, i.e. 

1 1 

log n j_<n ¢ 
jxEA 

This fact may be disproved using the same method as above. More generally 

PROI'OSmON 7. Let (2j)j_ ~,2,... be a decreasing sequence of  positive numbers 
such that Z 2j = oo and define 
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s,f(x) = l  E 4f(Jx), = E ,lj. 
t7 n j < n  j < n  

Then there is a bounded measurable function for which S, f does not con verge 
a .s. disproving the existence o fa .s ,  con vergent summation procedures. 

As in the Khintchine problem, it will be shown that  N/(J) is unbounded for 

some fixed J > 0. A modification o f  the previous construction seems needed. 

LEMMA 8. Let p ~ , . . . ,  Ps be a sequence o f  prime numbers, Z p7 t > 1. 

Denote for j ~ Z+ by fl(j) = a~ + • . .  + as where a~ . . . .  , as are the respective 
exponents o f  pl . . . . .  Ps in the prime decomposition o f  j .  Let  N > (Z pg)~ and I 
be the interval [0, N] N Z. Then in the following deviation estimate 

(37) { j E 1  I f l ( j ) _  y l  > 7 } 1 < C , / _ 2 ( ~ 1 )  N. 

PROOF. 

)~i,r o n  I: 

Thus 

Clearly 

(38) 

For i = 1 . . . . .  s and r = 1, 2 . . . .  define as follows the functions 

{ X~,,(J) = 1 i f  p r [j, 

= 0 otherwise. 

i = 1  r - - !  

pi-r _P--~ <= N-I  ~ )~i,r(j) < Pi -r, 
N j<N 

(39) N-~ E Z,.,(J)z,..t(J) 1 <= p,p,. 
j<_N P, Pi' N 

Estimate 

1 2tla 

(40) 

where 

IN-, 2 
r>-2 i-I \ j~N / 
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N - '  Y, ~i Z i : ( j ) -  ~ pi - '  2= y,(N_i y ' Ixi,l(J)-- Pi-~ lz) 
j < N  " j < N  

(41) 
+2 x t~ -1 x ~,,~J~- ,:'~,,,,~:~- p:'~} 

i * i '  ( j < N  

which, by (38) and (39), is bounded by 

1 (), 
(42) 2 ~ 1 + 2 ~ p " + N//i I + N p  i- < 2 Y , - + C N - '  Y~p; 

P i  i * r P i  

and, from (38), 

r>ffi2 i = l  j<=N / i - - I  r>ffi2 

Collecting estimates (40), (4 l), (42) and (43), it follows that 

from the hypothesis in Lemma 8. Inequality (37) is now immediate. 

LEMMA 9. Let Pl . . . .  , Ps be as in Lemma 8 and let (2j) be a decreasing 
sequence of positi ve numbers <-_ l such that, for a gi yen K > 1, 

(45) o o > Y ~ X j > K  2 Y, pi . 

Then 

C K - 2 .  

Pi/ J < 

PROOF. Estimate by partial summation and Lemma 8 

(47) _-< c Y~ (2j - 2j+,) 7 .2 J +  Pi 
J 

= + c Pi 

Then 
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i/1/2 
? = K ( Y ' p i  / • 

Clearly (47), (45) imply (46). 

PROOF OF PROVOSI'nON 7. We need obviously assume that tr,---oo. Let 

P~, P2 . . . .  be the consecutive prime numbers. 
Fix an integer n. Construct by induction sequences of  integers (Is)l_<s<r, 

(Js)l _<s<, satisfying (M to be specified later) 

I s<Js<Is+l ,  
(48) 

aj > M4 ( y " p,)2, 
\ i<ls  I 

(49) Ps+l > Js where P~ = ~ PF1. 
I,_1"<i<1, 

For an integer n, denote 

£(n)= £ ~, 
I , - l~i<I ,  

where ai is the exponent ofpi  in the prime decomposit ion of n. 
Thus for t ~ s, by Lemma 9 and (48) 

1 
£ {2j [ [fit(j) -- Pt[ >MP~t n } < C M-2. 

£ ~jJ<-.,. 
j<J, 

Notice also that by (48), (49), Pt > Jr-  ~ > oj,_, > M 4 and hence 

(5o) £ ,~j _-< CM-~s £ ;~j < ;~j 
jEE, \ j <S, j =.Is 

provided M > r and defining 

Es = {j <,Is ][ f l t ( j ) -Pt[  > M-IP t  for some t < s } .  

Define for system a~ . . . . .  a, of integers 

V(at . . . . .  at) = {n ] as < fls(n) < as + 1 (1 _-< s _-< r) and fls(n) = 0 for s > r} 

which may be identified with the product  Al(aOx. • "Ar(ar) where 

As(a)={(a , ) , ,_ ,<_i<, , la<Y~a,<a+l} .  
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The same growth argument as in Lemma 6 then permits one to find integers T, 
such that 

1 V(T~ . . . . .  Z,)l ~ 1 V(Tt + at . . . . .  T~ + q,)l 
(51) 

Define 

f =  IV1-1/2 ~ e 2xinx 
n~V 

~21V(Tt , . . . ,T~) I  iflqsl ~2P , .  

where V = [.J V(TI + q~ . . . . .  7', + qr). 
O~qs<.Ps/lO 

Next fors ___< r, we analyze Z]<.tAJ(jx) .  Assumej ~E,  and n E V, t < s. Then, 

since Pt(jn) = Pt(J) + fit(n). 

(52) 

where 

j V  C V s 

Vs ~- (-JV(TI + Pl + q ~ , . . . ,  Ts + Ps + q ; ,  

Ts+l + qst+l, Ts+2 + q;+2 . . . .  , Tr + qPr) 

and the union extends over 

- M-~P,  <-- q; < 6rP, + M-~P,  

O ~  qsl+l __--< ]loPs+ l + log Js, 

(t ___< s), 

O < q ; < ~ P ,  f o r t > s  + 1. 

Notice that from the given estimates (51) and, since log Js < P, +1 by (49), 

Thus the function 

I ~ _ <  C s + clogJ~ < 2. 
IVI M P~÷~ 

g~ = I V l - 1/2 ~ e2X~,~ 
nEV, 

satisfies II gs II 2 ~ 2.  It is easily seen from the definition that the sets V~ are 
disjoint and hence gs_Lg~, for s # s'. From (52), for j  ~E~, j < J~ 

IjV[ 
( f ( j x ) ,  g~) - - - -  1 

IVl 

and invoking (50), for 
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we have 

Sj, f ( x ) = a j ~ '  ~ 2 j f ( jx)  and as, = Y. ,~j 
j<_J. j<=J, 

1 
(53) (S,,f ,g,> >=aj7 ~ Y, ~j( f ( jx) ,gs)  > - .  

j<_s, 2 
j~e, 

As in Lemma 6, the orthogonality of the gs implies that the ~-entropy-number 

of  {Ss, f [ s  <= r} as subset o fL  2 is at least proportional to r. Hence the entropy 

condition 

sup NA ) < 
~fll2<l 

is violated, completing the proof. 

We conclude this paper by applying the entropy test to the problem of  A. 

Bellow [Be] on the averages 

S . f =  1 y. L L ( x )  = f ( x  + a) 
n j~.n 

where f i s  a function on T and the context is that of  Proposition 3. 

PROPOSmON 10. Let { aj } be any sequence con verging to 0 (aj ~ O for each 
j).  Then there exists a bounded measurable function f on T such that ( S , f )  is not 
a.s. con verging (to f ) .  

In order to show that for some 6 > 0 

(54) sup Nf(t~)~- oo, 
11/112<1 

the following simple lemma will be used. 

LEMMA 11. Let {aj} be a sequence o f  real numbers converging to O. Then, 

given a positive integer r, there are integers J~ <J2  < "" • < J ,  satisfying the 
following condition: 

Given a sequence & = (a~ . . . . .  at) where as = 0 or a~ = 1, there is an integer 
n = n(&) such that for s = 1 . . . . .  r 
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(55) 

I e2niap 1 1 - J Z '  ~,, < - -  
j_~j, 10 

e2niaj n 1 
1 - J s '  Z > -  

J~-Z 2 

if ot~ = 0 

ifa~ = 1. 

(54) is then proved by considering the function 

f =  2-r/2 E e 2"i"(~)x 
&e{O,l} r 

for which 

letting 

(56) 

Sj, f = 2- '2 y~ fls,e, e2,,,,ue,~ 
~,~{oA}' 

~s,~, = JZ  l Z e2"iaJ"(~'). 
J~Js 

Thus, by (55), 

(57) I/~,~- P,,~ I >½-~0 =} ifa~ 4= at. 

Consequently, from (56), for 1 =< s 4= t _-< r, by (57) 

IIS.,,f-&fU2 =2-r'2 I#,,~-#,,~1/ >-6 

and we may thus take ~ = ~ in (54). 

PROOF OF LEMMA 11. For fixed &, integer n = n (&) will have the form. 

(58) /7 ---- r/I + n2 + • • • --I- r/r where ns = asm~ 

and where the sequences {ms} and (Js} will be constructed simultaneously. 
Estimate 

j/' y, 
j<J, 

(59) 
~ J 2 1  

exp(2niajn) - .17' Y~ exp(2niajns)] 
j ~.l~, 

j~j, exp[2niaj(t~<sn')]-I + J = ' j Z  lexp[2~ia~(,~ n , ) ] - l l  • 

Estimate the first term in (59) as 

(60) 1-+c/,up ) 
5 0  k j>J ,  IlO0 
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splitting the summation in Zj<j,/,oo and Zj,/~oo<.j<.j, and using the inequality 

le 2~a-  11 -_<2121. 
Estimate the second term in (59) as 

1 
(61) ~ suP ll -exp(2nia jnt ) l  < - -  

t>s j.:J, 50 

provided, since nt = at mr, 

1 
(62) sup I1 - exp(2majmt ) l  < (1 < t < r). 

j_<1,_, 50r 

Assume now J,, mt obtained for t < s. Since a t ~ 0, J may be chosen such that 

(60) is at most A provided Js > J.  We take integers ms, Js fulfilling the 

conditions Js > Js- 1 + J ,  

1 
(63) I 1 - exp(2nia~ms)l < for j  < Js-, ,  

50r 

(64) 1 - J Z  1 2 exp(2rtiajms)l  > - .  
j~<j, 4 

Since ns = asms, (55) clearly follows from (59), (64) and the estimate ~ + A on 

the right member of (59). It remains to show the existence of integers ms, Js 
satisfying (63), (64). Fix first a number T (depending on aj, j =<_ Js- ,)  such that 
the image of the interval Z n [ - T, T] is e-dense in the range of  the map 

Z ...~ T J s _  1 • 2 x i a z  • z (e )j<.,,_.. 

Here e = 1/50r. Thus to each z E Z  corresponds t ~ Z ,  I tl ~ T such that 

1 
(65) l e 2"i'~ - e2•ia/ I < 50r '  J < .Is- t. 

Since aj - ,  O, Js may be taken large enough to ensure 

1 
(66) J T '  ~ l a ~ l <  

j<_:, 100T 

Next, since the aj ÷ 0, 

lim Y~ e 2"~ dx -- O, 
R - -  oo J < Js 
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implying the existence of some positive number y such that 

{ }' (67) Re j / l  ~ e2,,a: <__. 
j<j, 10 

Take z = [y] (integer part) and t satisfying (65). Let ms = z -  t. Then, by 
(66), (67) 

j < J, j ": J, j <_J, 

1 
_-<--+2Jz '  Y~ 

10 j-,~, 
laj ( T +  1) 

1 

4 

implying (64). 
This completes the proof of Lemma 11 and hence Proposition 10. 
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